In the paper a problem of risk measures on a discrete-time market model with transaction costs is studied. Strategy effectiveness and shortfall risk is introduced. This paper is a generalization of quantile hedging presented in [4] .
Introduction
It is well known that on a classical market without transaction costs the price x 0 of a contingent claim C is given as x 0 = sup Q ∈ Q E Q [C], where Q is a set of all martingale measures equivalent to the objective measure P . This means that if we have an initial endowment x ≥ x 0 then we can hedge C. Thus for x there exists a self-financing strategy B for which the terminal value X x,B T is not smaller then C. If x < x 0 then we no longer can hedge C. For each strategy B we have P (X x,B T < C) > 0. The investor who wants to hedge C in some way must consider some risk connected with the fact that he is not able to hedge C entirely. There appeared many risk measures introduced for instance by Cvitani † and Karatzas [1] , Pham [8] , Föllmer and Leukert [4] and [5] . Cvitanić and Karatzas study the following risk measure: inf B∈B E[(C − X x,B T ) + ], where B is a set of all self-financing strategies. Pham introduced L p hedging in [8] and his risk measure is defined as inf B∈B E[l p ((C − X x,B T ) + )], where l p (x) = x p p . Another examples of risk measures are provided by Föllmer and Leukert in [4] . They consider so called quantile hedging problem introducing a random variable connected with the strategy (x, B) by defining This random variable is called "success function" and its expectation is an effectiveness measure connected with the strategy (x, B). Success function takes its values in the interval [0, 1]. If (x, B) is a hedging strategy, then ϕ x,B = 1, otherwise P (ϕ x,B < 1) > 0 what implies E[ϕ x,B ] < 1.
Their aim is to find the strategy B to maximize E[ϕ x,B ] for a given x. In the next paper [5] they also examine another risk measure which is given as inf B∈B E[l((C − X x,B T ) + )], where l is a loss function.
In this paper we study a problem of risk measures on markets with proportional transaction costs. The main idea is based on papers of Föllmer and Leukert on quantile hedging [4] and minimizing shortfall risk [5] . On markets with transaction costs we are given a multi-dimensional contingent claim H, multi-dimensional wealth process V v,B t and some cone K T which is constructed on a basis of transaction costs. The cone K T indicates a partial ordering " T " in R d in the sense that x T y ⇐⇒ x − y ∈ K T . We say that strategy (v, B) hedges H if V v,B T T H. In papers [2] , [6] and [7] the authors provide characterization of the set Γ(H)⊆R d of initial endowments for which there exists a hedging strategy B such that V v,B T T H. The problem arises, what in a sense, is an optimal strategy for an initial endowment v / ∈ Γ(H). For the terminal wealth V v,B T we introduce a set of proportional transfers which is denoted by
T |L is a terminal wealth after a proportional transfer L. For this ratio we denote
In section 3 we introduce the "success function" which expectation is an effectiveness measure of the strategy (v, B) by setting
We establish some useful properties of the success function. It appears that
Our aim is to find the strategy B for the initial endowment v to maximize E[ϕ v,B ]. We consider also another problem. For 1 ≥ ε ≥ 0 we characterize the set Γ ε (H) ⊆ R d of initial endowments for which there exists the strategy B such that E[ϕ v,B ] ≥ 1 − ε. These are two aspects of quantile hedging which are analogous to problems presented by Föllmer and Leukert. Then, in section 6, we introduce a shortfall risk in quantile hedging. Shortfall is defined as
It describes the part of the contingent claim which is not hedged by the strategy (v, B). We study the problem of minimizing shortfall risk given as E[u(s(V v,B T ))], where u : [0, 1] −→ R is a loss function. We accept here the assumption, that the investor considers only the percentage of the contingent claim which is not hedged as a loss, not the value of this part. As before, we study two problems. Firstly, in section 6, we characterize the strategy B which minimizes shortfall risk. Secondly, in section 7, we characterize the set Γ u α (H) of initial endowments for which there exists the strategy B such that E[u(s(V v,B T ))] ≤ α for a given number α ≥ 0.
In section 8 we show how Föllmer's and Leukert's theory can be obtained under zero transaction costs. Since condition EF imposed in [6] is not satisfied, we use results shown in [2] .
Market with proportional transaction costs
In this section we present some results obtained by Kabanov, Rásonyi, Stricker in papers [6] and [7] which deal with conditions for the absence of arbitrage under friction. We particularly need a hedging theorem providing description of the set of initial endowments which allow to hedge the contingent claim.
Let (Ω, F, (F t ) t=0,1,...T , P ) be a probability space equipped with a complete, discrete-time filtration. We assume that F 0 is a trivial σ-field and that F T = F. On Ω we are given a strictly positive R d -valued, adapted process S t which describes the prizes of d traded securities. We can assume that, for instance the first component is a price of a bond, but it is not necessary for further consideration. Proportional transaction costs are given as the process Λ t = (λ i,j t ) i,j=1,2,...,d with values in the set M d + of matrices with non-negative, adapted entries and zero diagonal. If we want to increase the j-th stock account by the amount L ij ≥ 0 at time t, then we have to transfer an amount (1 + λ ij t )L ij from the i-th account. The quantity λ ij t L ij is lost because of occurring transaction costs. Given an initial endowment v ∈ R d we invest in stocks at each time t = 0, 1, ..., T . The agent's position at time t can be described either by vector V t of stock units or by vector V t of values invested in each stock. The relation between these quantities is:
Operator " " will be used also for any random vector Z and Z stands for
A self-financing portfolio is defined by its increments as follows
Here we denote ∆Y t = Y t − Y t−1 for each process Y . The adapted, increasing and non-negative process L ij represents the net cumulative transfers from the position i to the position j under transaction costs. The increment ∆V i t of value on i-th stock account consists of two parts: the incrementV i t ∆S i t due to the price movements and the increment ∆B i t caused by agent's action at time t. Since the pair (v, B) determines the wealth process V v,B t , we will treat it as a trading strategy.
In the sequel we will use the following notation : L 0 (A, F t ), where A ⊆ R d is a set of F t measurable random variables which take values in the set A. L 0 (M d + , F t ) stands for matrices which entries are non-negative and F t measurable random variables. Let
be a set of position which can be converted into zero by a non-negative transfer. This set is a polyhedral cone. Let K t := R d + + M t and F t := K t ∩ (−K t ). The set K t , which is called the solvency region, is a polyhedral cone. It is formed by vectors which can be transformed into a vector with only non-negative components by a positive transfer, thus by adding a vector from −M t . F t represents positions which can be converted into zero and vice versa. F t is a linear space.
We shall say that a strategy (0, B) is a weak arbitrage opportunity at time
There is an absence of a weak arbitrage opportunity if there does not exist arbitrage opportunity at any time. The absence of a weak arbitrage opportunity (strict no-arbitrage property) can be expressed in geometric terms:
The set R t describes wealth at time t which can be obtained starting with the zero initial endowment.
Let us define an efficient friction condition.
EF :
The
Under EF the condition NA s can be rewritten as R t ∩L 0 (K t , F t ) = {0} for t = 0, 1, ..., T . Under EF there are some equivalent conditions to NA s . For more details see [6] . The most important result for this paper is a description of the set of initial endowments which allow to hedge the contingent claim. Let us start with the fact that the cone K t generates a partial ordering " t " on R d in the sense that
stands for all hedging initial endowments. For simplicity we assume that H T c1 for some c ∈ R. The next theorem presented in [7] provides description of the set Γ(H).
Theorem 2.1 Assume that EF and NA s are satisfied. Then
where Z is the set of bounded martingales such thatẐ t ∈ L 0 (K * t , F t ) for t = 0, 1, ..., T and where K * t denotes the dual cone to the cone K t .
From now on we assume that conditions EF and NA s are satisfied.
Strategy effectiveness
In this section we introduce a success function ϕ v,B for the strategy (v, B) and establish its properties. Its expectation under P is in fact some kind of risk measure, but more adequate risk measure will be defined in section 6. This one we accept rather as an effectiveness measure. We will consider only admissible strategies and from now on we assume that H T 0 almost everywhere. 
In the set of all transfers L 0 (M d + , F T ) we distinguish a subclass of proportional transfers.
T , H) stands for the class of all proportional transfers and for
The meaning of the class of proportional transfers is to achieve the same "rate of hedge" on each stock account. We want to make this rate as high as possible. Thus on the set
T |L H . This leads to the following definition of the success function : 
where × denotes the cross product, we obtain a measurable vector which is orthogonal to each vector from the set ξ i 1 , ξ i 2 , ..., ξ i d−1 . Thus the i-th half-space has the following representation:
and the boundary of the cone can be represented as:
T ) · g i = 0 for some i = 1, 2, ..., l.
On the other hand the line spanned by the vector H can be represented as 
Since it is a solution of linear system with measurable coefficients
it is a measurable random vector. Hence also measurable is c, where V = cH. Each transfer is represented by adding to V v,B T some vector from the cone (−M T ). As L we get the transfer represented by V − V v,B
T . From construction of V we conclude that for any other proportional transfer such that V v,B
T |L =cH we havec ≤ c. As a consequence we obtain In the next part of the paper we will work with the set
We start with two useful properties of the success function. that (v, B) is an admissible strategy. Then v ∈ Γ(Hϕ v,B ).
Proof

In view of lemma 3.4 we have
Hϕ
where L is an optimal proportional transfer. Thus we have v ∈ Γ(Hϕ v,B ). 
Proof
Since If (v, B) is at least as effective as any other admissible strategy, then it is called optimal. The problem of finding optimal strategy for v 0 is a first aspect of quantile hedging problem and we formally formulate it as follows :
To describe optimal strategy, we start with the following theorem. 
Since {ϕ n } is a sequence of elements from a hull in L ∞ (Ω), there exists a subsequence ϕ n k which converges toφ in a weak * topology. One can prove thatφ belongs to R. We will show that v 0 ∈ Γ(Hφ). Each element of the sequence {ϕ n } satisfies Z 0 v 0 ≥ E[ Z T Hϕ n ] ∀Z ∈ Z, andφ as a weak limit satisfies
Thus v 0 ∈ Γ(Hφ).
The next theorem provides the solution of our problem.
Theorem 4.2 Letφ be a function from theorem 4.1, and the strategy (v 0 , B) be a hedging strategy for the modified contingent claim Hφ. Then (v 0 , B) is an optimal strategy. Furthermore, (v 0 , B) is optimal.
Quantile hedging -sets with a fixed level of effectiveness
Assume, that we are given a number ε ∈ [0, 1]. We want to characterize strategies which effectiveness is not smaller then 1 − ε. This is the second aspect of quantile hedging and in fact our task is to characterize the set Γ ε (H) which is given as
Hence set Γ ε (H) contains the set Γ(H) = Γ 0 (H), for any ε ∈ [0, 1] but it can contain more elements as the initial capitals which allow to hedge H with some loss of effectiveness. Let us set
The next theorem provides a description of the set Γ ε (H). But v ∈ Γ(Hϕ v,B ) by lemma 3.6, and thus v ∈ ϕ∈M Γ(Hϕ). ⊇ Let v ∈ ϕ∈M Γ(Hϕ). Then there exists ϕ ∈ M such that v ∈ Γ(Hϕ). Let us consider the strategy (v, B) which hedges the modified contingent claim Hϕ. Then by lemma 3.7 we have
Risk measure in quantile hedging -minimizing shortfall risk
On markets without transaction costs shortfall is defined as (C −X x,B T ) + , where a + = max{a, 0}. In this section we introduce a shortfall connected with the strategy (v, B) under transaction costs. To this end we use the set of proportional transfers. Shortfall risk is introduced as an expectation of a loss function of shortfall. Our aim is to minimize shortfall risk for a fixed initial capital over all admissible strategies. We start with the auxiliary lemma proved in [3] . Lemma 6.3 Let X 1 , X 2 , ... be a sequence of [0, ∞) random variables. There exists a sequencẽ X n ∈ conv{X n , X n+1 , ...} such thatX n converges almost surely to a [0, ∞] valued random vari-ableX.
To describe optimal strategy we start with the following theorem.
Theorem 6.4 There exists a functionφ ∈ R which is a solution of the problem
In view of lemma 6.3 there exists a sequenceφ n ∈ conv{ϕ n , ϕ n+1,... } which converges almost surely toφ ∈ R. Since u(1 −φ n ) ≤ u(1) < ∞, by dominated convergence theorem we obtain
From Fatou's lemma we have
Hence v 0 ∈ Γ(Hφ).
The next theorem provides a description of the risk-minimizing strategy for v 0 .
Theorem 6.5 Letφ be a function from theorem 6.4 and the strategy (v 0 , B) be a hedging strategy for the modified contingent claim Hφ. Then (v 0 , B) is an optimal strategy. Furthermore,φ = ϕ v 0 ,B .
Proof 7 Risk measure in quantile hedging -sets with a fixed level of shortfall risk
Assume, that we are given a number α ≥ 0. We want to characterize strategies for which shortfall risk is not larger than α. This is the second aspect of risk measure problem in quantile hedging. Our task is to provide a description of the set Γ u α (H) given as
T ))] = 0, we conclude that set Γ u α (H) contains the set Γ(H) = Γ u 0 (H) for any α ≥ 0. Let us set
The next theorem provides a description of the set Γ u α (H). 
Quantile hedging under zero transaction costs
In this section we show how the theory of Föllmer and Leukert can be obtained. All previous sections required the EF condition which of course is not satisfied under zero transaction costs. We will base on results obtained by Delbaen, Kabanov, Valkeila [2] which are less general then results used so far, but the condition EF is not required there. First, we give a short description of these results, then recall two aspects of quantile hedging studied by Föllmer and Leukert and then show how their theory can be obtained under zero transaction costs.
In cited paper we assume that transaction costs are constant in time, given by a matrix Λ. Contingent claim is bounded from below in the sens of partial ordering determined by the cone K := M + R d + thus H c1 for some c ∈ R. K is independent on t and ω. We denote by Q the set of probability measures Q ∼ P such that S t follows a local martingale in respect to Q. We shall need EMM condition.
Let D be the set of martingales Z with Z taking values in K * and bounded Z T . Under EMM condition we have the following description of the set of hedging endowments : V v,B
T |L 
